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the difference equation z,,,; = az,_o +

In this research, qualitative behavior and periodic nature of the solutions of

Bz _o

YZn-9+6Zp_19

, n=0,1,2,... has been

studied where the initial conditions z_,q,z_4g, ..., Zg are arbitrary positive
real numbers and a, 8,y, § are constants. Solutions of some special cases of
considered equation have been obtained.

© 2017 The Authors. Published by IASE. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

This paper deals with the solution behavior of
the difference equation:

Bz} o

YZn—9+6Zn_19

Zpn41 = AZpy_o + , n=012,.. ()]
with initial conditions z_io,..,z, are arbitrary
positive real numbers and «, 8,7y, § are constants. We
obtain solutions of some special cases of this
equation. Difference equation is a vast field which
impact almost found in every branch of pure as well
as applied mathematics. Recently great interest is
developed in studying difference equation systems.
The reason is that there is need of some techniques
whose can be used in investigating problems in
various fields. Recently a great work is being done in
studying the qualitative analysis of rational
difference equations. Difference equations are very
simple in form but it is very difficult to understand
the behavior of their solutions (Ahmed and Youssef,
2013; Alghamdi et al,, 2013; Asiri et al.,, 2015; Das
and Bayram, 2010; Din, 2015).

Khaliq and Elsayed (2016) studied qualitative
properties of difference equation of order six, x,,, =
Bxh_s : .
R Khaliq et al. (2016) studied
global attractively of difference equations of order

bx,zl_4

ax,_, +

ten, X,yq1 = ax,_4+ Elabbasy et al.

CXp—gt+dxn_g
(2012) studied behavior of solutions of difference
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. bx2_
equations of order four, x,,; = ax,_, + —2=1—,
CXp—1+dxp_3

Elsayed and El-Dessoky (2013) examined the

dynamics and global behavior of rational difference
. _ bxnxn—2 _
equation of order four, x,,,; = ax, + pE—— El

Moneam and Alamoudy (2014) studied the positive

solutions of the difference equation, x,,; = ax, +
bXp_ _ _ _ . .
o1t Cinop*/dns 1 Xnos Elsayed (2011) investigated
dxp—1texp_2+gxn—3+sxp_s

the solutions of following non-linear difference
bxnXn-1

equation, Xx,,; = ax,_q; + . Karatas et al.

CxXp+dxp—2
(2006) gave solutions of the following difference
equation, Xp,; = —=2=— Saleh and Alogeili
1+Xn—2Xn-s5

(2006) studied the solution of difference equation
Vna1 =A+yZ"k. Yalcinkaya (2009) studied the
boundedness, global stability, periodic behavior of
difference equation and obtained its solutions,

AXn—k

xn+1=b+cx£. Yalcinkaya and Cinar (2009) has

explored the difference equation x,,; =a + _xf:;(m.
n

For other relevant work on difference equations see
(Touafek and Haddad, 2015; Yazlik et al, 2014,
2015; Zayed, 2014; Zhang et al., 2014). Suppose that
I is some interval of real numbers and F a
continuous  function defined on I**'(k +
lcopiesofI), where k is some natural number. We
consider the following difference equation:
Zn+1 = f(Zn Zn—1r-++» Zn—i), n=2012,... (2)
For given initial values z_j,z_y4q,...,29 € I .The
difference equation has a unique solution {z, };~_1o.

Definition: (Equilibrium point) A point z is an
equilibrium point of Eq. 2 if
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z=fZZ...), (3)
then, z, = z for n = 0 is a solution of Eq. 2.

Definition: (Periodicity) A solution {z,}y-_, of Eq. 2
is called periodic with period p if there exists an
integer p = 1 such that z,,, = z, foralln = —k.

Definition: (Fibonacci sequence) The {F,}m=1 =
{1,2,3,5,8,...} that is E, =F,_; + Fy,_, =0 with
initial conditions F_, =0,F_; =1 1is Fibonacci
sequence.

Definition: (Stability)

o If for every p > 0 there exist 7 > 0 such that for all
with Z_y, Z_g41,...,29 € I with X0__, |z, — 2| <7,
we have |z,—7Z|<p for all n>=—k.Then
equilibrium point z of difference Eq. 2 is called
locally stable.

o If equilibrium pointz is locally stable, and there
existf >0 such for all initial values
ZojZope1r-rZo €1 with ¥O__, |z, —Z| < B, we
have,lim,_, .z, = z.Then z of difference Eq. 2 is
called locally asymptotically stable.

o If z .,z p41,...,290 €1 always implies that
lim,_xz, =z. Then z of Eq. 2 is called global
attractor.

e If 7 is locally asymptotically stable as well as an
attractor. Then equilibrium point z of difference
Eq. 2 is called global asymptotically stable.

e The equilibrium point z of Eq. 2 is called unstable
if it is not locally stable.

o The linearized Eq. 2 about the equilibrium point z
is the linear difference equation:

_ vk OFZz.z)
Yn+1 = Li=0

0z < Yn—i

1.1. Theorem A

Assume that p; ER and k € (0,1,2,...). Then
K Ipil <1 is a sufficient condition for the
asymptotic stability of the difference equation

Znik + DiZnsror e APz =0 n=0,..

1.2. Theorem B

Let [a, f] be a real numbers interval and suppose
that g:[a, B]? - [a, B] is a continuous function and
consider the equation

Zns1 = 9(Zn, Zn-1), n=01,.. (4)

with the following two conditions:

(a) g(x,y) is increasing function in x € [a,B] for
each fixed y € [a, B] and g(x,y) is decreasing in y €
[a, B] for each fixed x € [a, B].

(b) If (w,W) € [a,B] % [a, B] is a solution of the
system W = g(W,w) and w = g(w, W) then W = w

Then Eq. 4 has a unique equilibrium point z € [, ]
and every solution of Eq. 4 converges to z.

2. Local stability of equilibrium point of Eq. 1
The equilibrium point of Eq. 1 is given by
pz’

vZ+62

21— a)(y +6) = pz°

zZ=az+

If (1-a)(y+6)#p then the unique
equilibrium point is z = 0. Let f:(0,) X (0,) —
(0,0) be continuous and differentiable function
defined as

_ Bu?
fw,v) =au+ — (5)
afZz) _ By+2pB6
w7 + (¥+6)?
@2 _ _ _BS
v (y+6)?

The linearized equation of Eq. 1 about
equilibrium point z is

By+2B5 B6
a1 = L+ Ty + [ et = 0
2.1. Theorem

Assume that B(y +38) < (y + §)*(1 — a),a < 1.
Then the equilibrium point z = 0 of Eq. 1 is locally
asymptotically stable.

Proof: Eq. 1 is asymptotically stable if

By+285 B
o+ e | 11~ G|

Blr+38) <y +6)?*1-a)
3. Global attractivity of equilibrium point of Eq. 1
3.1. Theorem

The equilibrium point z =0 of Eq. 1 is global
attractorif y(1 — a) # f5.

Proof: Let a,f are real numbers and suppose that
g:[a,B)?> = [a,B] be function defined by Eq. 5.
Suppose that (w, W) is a solution.

W=g(W,w) and w=gw,W)
from Eq. 1, we see that
Bw? Bw?
W =alW + ) w=aw +
yW+dw yw+sw
B _ BWZ B _ [i‘wz
Wa-a)= yw+sw’ wl-a)= yw+EW

subtracting both above equations
YA —a)W?—w?) = gW? —w?)

If y(1—a)=#pf thus w=W. It concluded by
theorem (B) that z is a global attractor of Eq. 1.
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4. Bounded behavior of solutions of Eq. 1

4.1. Theorem

If (a +€) <1, then every solution of Eq. 1 is
bounded.

Proof: Let {z,, };;-_14 be a solution of Eq. 1. Then

z2_ z
Bzn—g <aan+Bn9

Z = AZy— O —
ntl n-9 YZn—9+6Zn_19 YZn—o

= @+5z,,

thus z,,; <2z,_¢ for all n>0. Then the sub
sequences:

{Z10n—-9}n=0, {Z10n—8}n=0s {Z10n-73n=0s {Z10n-6n=0s
{Zion-s}tn=0 {Z1on-4}n=0, {Z1on-3}n=0 {Z10n-2}n=0r

{Zion—1tn=o and {Zjonineo are decreasing and
bounded from above by

M = max{z_19,2_18,Z2-17,Z-16) Z-15, Z—14 Z-13, Z—12, Z—11,
Z_10,2-9,2-8,2-7,Z—6, 25, Z—4, Z-3, Z—2, 2—1, Z0}

Numerical examples: To confirm the result we take
some numerical examples.

Z_19=2,2.1§=5217=92_16=8,2_15=7,2_14 =
5,2_13 = 0,2_12 = 11,2_11 = 20,2_10 = 9,2_9 = 1,2_8 =
6,z_,=11,z_¢=10,z_5=5,2_, =8,z 3 =2,z , =
9,z_, =5,z =15,a = 0.6, = 2,y = 5,5 = 8 (Fig. 1);

and if we take

Z_19=3,2_18=9,2_4; =152 14 =17,2_15 =
11,244 =18,2_13=0,z_1, = 20,z_4; = 13,z_49 =
19,2.9=52_4=7,2_7=82_=10,z_5 = 14,z_, =
7,z2_3=10,z_,=3,z2_1 =52y =2,a =05, =3,y =
11,6 = 15 (Fig. 2).

25
20

15

z(n)

1 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46 49

n

2
Bzn—o
VZn-9+8Zn_19

Fig. 1: Behaviorof z,, .1 = az,_¢ +
5. Different cases of Eq. 1
5.1. First equation

We study the special case of Eq. 1:

o ()

Z =Zpo+
n+1 n-9 Zn—9+zn—19’

where the initial conditions

2-19,2-18/2-17,2-1612-15:2-14rZ2-13,Z2-12, Z2-11, 2-10, Z-9»
Z_g,Z_7,Z_6,2_5,Z_4,Z_3,Z_2,Z_1,2

are positive arbitrary real numbers.
25

20

15

z(n)

1 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46 49
n

Bz%_o

Fig. 2: Behavior of z =QzZ,_g + ———
g n+1 n-9 YZn-o+82Zn_19

5.2. Theorem

Let{z,}n=_19 be solution of Eq. 6. Then for

[F2i+1k+F2iW]

n
Zion-o = W[, Zion—g =
10n-9 IT; Pk A Fapqw’ 10n-8
Faiv1j+Fait
iz Erv—
2iJ+F2i-1 WA
Faiy1h+Fis
z = h[I: Zion—6 =
10n— 7F Fl [F h+Fa_ 15] 10n—-6
n 2i+19tFaiT
gHi=1[—F, |
2ig+I2i-1T
Faiv1f+F2iq
z = fII% Zion-4 =
10n-5 Ff F1 [F21f+F21 1q] 10n—4
n 2i+18+F2ip
ellin; [F——]
Faie+Fai_1D
Faip1d+Fpi0
Zion_2 = d [V Ziom_n =
10n-3 | [ind+in-10]' 10n-2
Fpiy1CHFyin.
n 2i+1CHFa;
T, [rescthay
2iC+Fai_ 1M
Fit1b+Fy;ym
—_— n 2i+1 21 —_
Zion-1 = bIli=y ] Zion =

Foib+Fyi_ym”’

Fait1a+Fil
alliz [F2 (a+Fai_ 11]

where

Z19=W,Z_13=t2_17 = 8,216 =T1,Z_15 = ,Z_14 =
P Zo13=0,Z 13 =NZy =Mz qg=Lzg=kzg=
JiZz7=hz =gz s=fz,=€z3=d,2z ;=
c,zZ_1=bzy=a

and
[Fnlm=1 = 1,2,3,58,...

Proof: We prove by mathematical induction the
solutions of Eq. 6. First for n = 0, the result holds.
Assume the above results are satisfied forn — 1,n —
2.

Zion-19 = W [T} %]'
n—1 Fais1j+F2it
=1 [inf+F2i—1f
Zion-17 = h T [%]'
| il ST ALY
Faig+Fai17

Z10n-18 —

Z10n-16 —
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— n—1 Faivaf+F2iq _
Zion-15 = f [[i5 [—inf+in71q]’ Zijon-14 =
n—1 Fai+18+F2ip
ellisy 1
Faie+Fi_1D
— n—1 Fai+1d+F3i0 _
Zyon-13 = A I} [—F d+Fy 10]: Zion-12 =
I-[ F21+1C+F21n]
Fpic+Fyi_ 1rL
Faip1b+Fim
z =b Zion-10 =
10n-11 H [F21b+F21 1"l] 10n-10
n—1 Fair1a+F3;l
alliZy =]
Faia+Fpi_q1
[F2i+1k+F2iW]

Zign-20 = W]IiZ
10n-29 =? Faik+Fp_wi’

Z10n-28 —
j =2 [M]
=1 LR 4 Faiat

-2 [Fait+1h+F3is
Z _ =h 1'1_ [— Z — =
10n-27 i=1 Fyih+Fai_15)’ 10n-26

l—[n 2 Fzz+19+F21T]
Fz'9+F2i 1T
F2l+1f+F2lq]

Z — =
Faif +F2i-1q 10n-24

Z10n-25 =

F219+F2L 117
Fait1d+F3i0

el
1—1 [sz+1E+F2LP]
[F id+Fyi_10"

Zion—23 = d Z10n-22 =
T2 M]
FyictFyi_n
n—2 Fais1b+Fim
Z o1 =b [ —2t+l” el Z Con =
10n-21 i=1 [inb+F2i_1m]' 10n-20
a2 [M]
=1 Fpia+Fpi_q1

from Eq. 6
Zion-11

Zion-1 = Z1on-11 T+
ton-1 10n-11 Z1on-111Z10n-21

_ a—1 [F2i+1b+Faim
s [t

F3ib+F3;_1m
b2 nn_l[in+1b+inm1[(F3b+Fzm

Fan—1b+Fan-—3m’ “Fan—2b+Fap—3m

Fan—3b+Fyn—gam, Fan_1b+Fyn_m.
):;(ZnS 2114-)(21!1 2112)]

g "Foib+Fy;_qym' \Fpb+Fqm’"™"
~1 Faig1b+Fyim St Fpip1b+Fyim
=1 Faib+Fai_qgm "~ oy ["‘zib’f“"zi—ﬂ’*J
T Faiyab+Faim, Fon_1b+Fap-am
" \Fan—2b+Fan-3m

_ n—1 Fai+1b+Fim =1 FaibtFaiqm
bITZT [ ]

)

- i=1 Fan—1b+Fan_—m
Fz'b+F2'_1m 2n—1 2n—2 +1
‘ ‘ (an—2b+F2n—3m )

-1
Faiy1b+Fpim

|(Fan-1b+Fon-am)

— bl—[n_l [F2i+1b+F2im i:1[inb+in_1m

Faib+Fpi_1m (Fan-2b+Fzp_3m+Fon_pb+Fop_3m)

](an—lb"'an—zm)

n-1
[F2i+1b+F2im
i=1 LF2ibtFpiym

— bl-[n_—l [in+1b+inm
Faib+Fpi_1m (Fonb+Fon-am)
=p [in+1b+inm][ (Fan—1b+Fon—p m)]
L -1 Faib+Fzi_ym (Fanb+Fon-1m)
=bp [in+1b+F2im an+1b+anm]
i=1 Faib+Fyi_ym ‘Fypb+Fyp_ym
=b[[~ [w]
Fyib+Fyi_ym

similarly

2
Zion-10
Zion = Zion-10 T
ton 1on-10 Z10n-101Z10n-20
— al-[q—l [in+1a+F2il] +
=1 Faia+F3i—4l

F21+1a+F2111[(F34+F21) .(an—sa+F2n—4l)(an—1ﬂ+F2n—21)]
Fpa+Fy;_ 111 Foa+F1l"""\Fan—1a+Fan—3l’ \Fap—2a+Fan—3l

Tl T J+a T1 | ]

1
i=1 F2iatFai_ql i=1 F2iatFai_ql

aan

1 Fpiy1atFy;l Fpiy1a+Fy;l

-1
Fai410+Fil

Fan—1a+Fan—2l
a

_ Hn—l Fait1a+F3l 11;11[ina+F2i—1l](an—2a+F2n—3l)

= a[} ety

Fyn—1a+Fyn—2l
Faia+F3i_4l —ZnoLPT N2y g
(an—za+F2n 3l )

-1
Fpiyqa+F;l

a F, a+F, l
= q 72 [in+1a+F2il i= 1[F21“+F21 11]( 2n-10+Fon-20)
=1 LF, a4 a4l (Fan—2a+Fon_3l+Fn_2a+Fn_31)

—1 F. a+F.
2i+1 21
a —S——=L|(F; a+F, l

— anr_t—l [F2i+1‘1+F2il] i= 1[F21a+F21 11]( 2n-10+Fzn-21)

Faia+Fai—4l (Fana+Fn—4l)
- al—[n—l [F2i+1a+F2il][ (Fon-1a+Fn_z 1)

Faia+Faiql (Fana+Fan-1l)
— al—[r_l—l [F2i+1a+F2il Fon+10+Fznl

Fpia+F3i—11" "Fona+Fon_ql

_ Fiy1a+F;l
= allisy [Fz (a+F 11]

Numerical example: We now confirm result by
taking numerical example for

Z.99=10,2.14=5,247 = 8,246 = 9,215 = 2,214 =
7,Z2_13=1,2_1,=5,z41 =11,z 1= 2,29 =3,Z_g =
10,z_.,=8,z_¢=15,2_5=2,2_, =10,z_3=7,z_, =
5z_1 =1,z =8 (Fig. 3)

45
40
35
30
25
20
15

z(n)

Ul

1 3 5 7 9 1113151719 21 23 25 27 29 31 33 35

n

2

. . Zn—
Fig. 3: Behavior of z,,; = z,_g + —2=>
Zn-9tZn-19

5.3. Second equation

We take form of Eq. 1

2
_ Zn—9
Znt1 = Zp—o t ) (7
Zn-9~Zn-19

where the initial conditions

2-19,2-18)2-17,2-16)2-15/2-14rZ2-13)Z~12)Z-11, Z-10»
Z_9,Z2_g,Z_7,2_6,2-5/2-4,2-3,2_2,Z_1,29

are positive arbitrary real numbers.

Theorem: Let {z,};;__,4 be a solution of Eq. 7. Then
forn =0,1,2,..

Zion-o = WL, [i”kzkﬁ]' Zion-g = J [1i= [%]
Zion—7 = h[lj=, [il;th o S] Zion-6 = 9 I1i= [i;;z_‘qpii:]
Ziones = £ Ty [ﬁ‘;sz F“’] Zron-s = [Ty 2]
Zion-3 = d[i- [%L Zion-2 = ¢ [[i- [?ZZCF:ZZ]
Zion-1 = bIIi, [::_bﬁ]' Zion = alliy [%pi:i]

where

Zo19 =W,Z_18 =1,Z_17 = 8,Z_16 =T, Z-15 = ,Z-14 =
P Zo13=0,Z 13 =Nz y =Mz g=Lzg=kzg=
jZz.g=hz ¢=9,z5=f,2z_ 4=ez3=dz_2=
¢,z_1 =b,zg =aand [Fy]m=1 = 1,2,3,58,..

Proof: Proof is same as previous and omitted.

Numerical example: We will take some numerical
examples to confirm result.

Z_49=05,2_14=15,2_17, =18,2_15 = 20,z_45 =
19,z2_44=17,2_43=18,z_1, = 20,z_41 = 13,z_49 =
4,72 ¢=11,2.4=8,2_,=10,z_4 =12,2_5=9,z_4, =
7,z2_3=52z_,=1,2z_4=3,zy =7 (Fig. 4)



Stephen Sadiq, Muhammad Kalim/ International Journal of Advanced and Applied Sciences, 5(2) 2018, Pages: 1-7

1 4 7 1013 16 19 22 25 28 31 34 37 40

Fig. 4: Behaviorof z,. 1 = z,_¢ +

5.4. Third equation

n

2
Zn—9

Zn-9=Zn-19

We discuss the form of solutions of Eq. 1 in this

section

Zho
Zn+1 = Zpn-9 —

—
Zn-9tZn-19

(8

where the initial conditions

Z_19,Z-18,Z-17,Z-16,Z—

15, Z2-14,Z2-13,Z-12,Z-11,Z-10»

Z_9,Z_g,Z_7,Z_6,Z-5/Z-4,2-3,2_-2,Z_1,29

are positive arbitrary real numbers.

Theorem: The solution

of Eq. 5 will take the

following formulas forn = 0,1,2, ..

z _ kw
10n=9 = g k+Fpw’
z _ hs
0n=7 = F h+Fypes’
fa
Zion-g = ————
1on-=5 an+Fn+1Q’
z _ od
10n=3 = f 0+Fy.d’
z _ bm
10n-1" g piFm’

Z = jt
10n=8 ™ F jtFpaat
ar
Z e =T
10n=6 " E g+t
ep
Z =
10n—4 Fne+Fn1p
2 _ cn
0n-2 = f c+Fppn
Z _ al
101 ™ E g+Fypql

Proof: For n = 0 the result is obvious.Suppose that
n > 0 and the assumption holds forn — 1,n — 2.

z _ kw
10mn-19 = Fp_1k+Fw’
z _ hs
10n-17 = Fp_1h+Fps’
z __ Jfa
10n_15 Fn—1f+an,
Z _ od
10n-13 = g 0+F,d’
z _ bm
10n-11 = Fnp_1b+Fym’
Z _ kw
10n-29 = g k+Fp_w’
Z _ hs
ton—27 = 5
z — fa
10n-25 Fpaf +Fn_1q’
Z _ od
ton-23 = 5 T
_ bm
Zion-21 =

Fn_pb+Fp_ym’

now from Eq. 8

Z = jt
10n—-18 — Fn1j+Fnt
gr
Z — ==
10n-16 Fo1g+Far
ep
Z — ==
10n-14 Fn_1e+Fnp
2 _ cn
10n-12 — Fo_qCH+Fyn
z _ al
10n-10 = oy
Z = jt
10n-28 = Fp—zj+Fp_qt
gr
Z — =
10n-26 Fn2g+Fp_q7
Z = L
10n-24 — Fy_ze+Fn_1D
2 _ cn
10n-22 — Fo_gC+Fp_1n
_ al
Zjon-20 =

Fh_ya+F,_41

2
Zion-11
Z 1 =7Z — -
ton-1 10n-11 Z1on-111Z10n-21

m 1T bm q

_ [ bm ] __ 'Fn_ab+Fpm!'Fp_qb+Fpm
T b+Fmd P o bm 1

n-1mT [y e v Y —
_ [ bm ] [ bm Fp_2b+F_1m ]

Fp_1b+Fym Fp_1b+Fqm * Fp_yb+Fy_ym+Fy_,b+Fym
— [ bm ] _ [1 _ Fn_2b+Fn_1m]

Fp_1b+F,m Fub+Fppim
_ bm
T Fyb+Fym
Similarly

Zfon-10

Zion = Z1on-10 —
Z10n—l10+210n—201
ai ai

Y S R B e L e
Fp_ja+F,l0  —2 4 al
n-1%Tn Crp—1a+Fnll LFn_za+Fn_1l]
_ [ al ] [ al Fh_oa+F,_41
Fr_a+Fyl Fro1@Q+Fyl " Fp_pQ+Fy_1l4Fy_ja+Fyl
- [ al ] _ [1 _ Fp_p,a+F,_41
Fp_1a+Fyl Fhpa+Fpyql
_ al
T Fpa+Fnql

Numerical Example: We will take numerical

example to confirm result.

Z_19 = 20,2_18 = 1,2_17 = 2,2_16 = 25,2_15 = 19,2_14 =
17,2_13 = 9, Z_12 = 14’,2_11 = 11,2_10 = 0, Z_g = 5, Z_g =
9,2 7=72_=8,2z_5=12,2_ 4, =13,z 3=0,z_, =
2,z_q4 =5,z5 = 3 (Fig. 5)

30

1 3 5 7 9 1113151719 21 23 25 27 29 31 33 35
n
Zho

Fig. 5: Behaviorof z,, 1 = z,_g — ———
Zn-9tZn-19

5.5. Fourth equation

In this part we discuss the solutions of form of Eq.
1:

- 9)

Z =Zp_9—
n+1 n-9 Zn—9—Zn-19’

where the initial conditions

2-19,2-18:Z2-17,2-16,2-15,2-14rZ-13,Z-12, Z-11, Z-10»
Z_9,2_8,2_7,2_6,2-5/2-4,2_-3,2_2,Z_1,29

are positive arbitrary real numbers.

5.5.1. Theorem: Assume that {z,,};,-_;, be a solution
of Eq. 9.Then every solution of Eq. 9 is periodic with
period 60. Moreover {z, },—_1, takes the form
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—jt —do —-hs —-cn -—-gr
j—t’d-o’h-s’c-n’g-r
-bm —fq -al

b-m’ f-q’ a-1’

—h,—g,—f,—e,—d,—c,—b,

h-s'c-n’"g-r’b-m’ f—-q

or
Zeon-19 =W,  Zeon-18 =L, Zeon-17 = S
Zeon-16 — T’ Zeon-15 — 4, Zeon-14 — P
Zeon-13 — 0, Zeon-12 — T, Zeon-11 — M
Zgon-10 = L, Zgon—o = k, Zeon-8 = J
Zeon-7 = I, Zeon-6 — 9, Zeon-s = f
Zeon—4 = €, Zeon-3 = d, Zeon-2 — €
—kw
Zgon-1 = b, Zeon = @, Zeon+1 = 1
z __—ep z _—jt 7 __—do
60n+2 — e—p' 60n+3 — j—t' 60n+4 — d—o
z _ —hs Z _ —cn Z _ =gr
60n+5 — o 60n+6 — v 60n+7 — g-r
7 _ —bm Z _—fa z _ -al
60n+8 = 6on+9 = T 60n+10 = 7}
Zeon+11 = —W,  Zgon+12 =~ Zgon+13 = —S
Zeon+14 — 1) Zeon+15 — —4q, Zeon+16 — —P
Zeon+17 — — 0, Zeon+18 — — N, Zeon+19 — —M
Zeon+20 = —L, Zeon+21 = —k, Zeon+22 = —J
Zeon+23 = —h, Zeon+24 — — 9, Zeon+2s = —f
Zeon+26 — —6, Zeon+27 = —d, Zeon+28 = —C
_ _ _ kw
Zgon+29 = —D, Zeon+30 — —Q, Zeon+31 =
_ep _Jt _ do
Z60n+32 — o’ Z60n+33 — it Ze0n+34 = 7,
z _ hs Z _cn z _gr
60n+35 = 35’ 60n+36 = 7 6on+37 = 70
z _ bm z _ fq z _al
60n+38 = 3 60n+39 = 7”0 60n+40 = 7
where

Z-19,Z2-18,Z-17,Z-16,Z-15,Z2-14rZ-13,Z-12,Z_-11, Z—-10»
Z_9,Z_g,Z_7,Z_6,Z-5/Z-4,2_-3,2_2,Z_1,29

Proof: Same proof as theorem Eq. 5 and will be
omitted therefore.

Numerical Example: We will take numerical
example to confirm result.

Z19=57218=9217=2,216=3,2_15 =2,Z214 =
1,z_13=4,2_1,=6,2_11=0,2_19 =10,z_g = 12,z_g =
15,2, =17,2_¢ =18,2_5=0,2_4, = 10,z_3 = 7,z_, =
8,z_, =1,zy = 2 (Fig. 6)

6. Conclusion

We studied the global stability, bounded behavior
and forms of solutions of few cases of difference Eq.
1 and concluded that if (1 — a)(y + §) #  then the
unique equilibrium point of Eq. 1 is z = 0. The
equilibrium point z=0 of Eq. 1 is locally
asymptotically stable when By +38)<(({y+
8)?(1 — a),a < 1. The equilibrium point z = 0 of Eq.
1 is global attractor if y(1 — @) # . Every solution
of Eq. 1 is bounded if (« +§) < 1. In the end we

obtained solution of four different types of Eq. 1 and

(w,t,s,7,q,p,0,n,m,Lk,j,hgfedcbha—=—"2

—, ==, —,—w,—t,—s,—1,—q,—p,—0,—n,—m, =L, —k,—j,

kw ep jt do

aq— — — —

"k-w’e-p’j-t’d-o

al .
| w.t.s,m.q,poonmlkjhgfedchb,a,...

—kw —ep 1
k-w’e-p

gave numerical examples of each case by assigning
different initial values by using Matlab.

z(n)

1.3 5 7 91113151719 %1

2
Zn—9

Fig. 6: Behaviorof z,,, 1 = z,_g — ———
Zn-9~Zn-19
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